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Processing of Analog signals
using digit@%ﬁlters
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Questions?

* What is the property of the cont.-time
sign&or proper sampling?

* What is the minimum sampling
frequency or maximum sampling
period?

* Relation between the spectra of cont-
time and obtained sequence

Introduction to DSP using MATLAB
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Sampling of Analog Signals

Consider a band limited continnous-time signal, x,(t).

The Fourier transform of x(t) is X, (§€2), which 1s zero
outside a certain range of frequencies. So, X (j(2)=0 for

12 >
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Sampling of Analog Signals

Sample x,(t) every T seconds. The sampling frequency.
£, is equal to 1/T. Sampling can be achieved by
multiplying x_(t) by a train of impulses, s(t), with
period T. The resulting signal x,(t) will be a continuous
time signal that is zero at non-integer multiples of T.
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Impulse Train

A train of impulses can be represented by the
following equation:

S S(t—ul )

n=-—m
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Sampling Process

x,it)

T 2T 3 &I 31

Introduction to DSP using MA’

x,(t) will be sampled every T
seconds.

¥, (1) = x,(1)s()

x,(1)=x,(1)> 8t —nT)
e
The new sequence, x,(t) will only
have defined values at multiples
of T (Sifting Property).

x (1) =" x, (nJslt —nT)

n=—m
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Impulse Train

A train of impulses can be represented by the
following equation:

=)
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Sampling of Continuous-time Signals

| Fourier Series of Impulse Train

Find the Speaﬁun of the sampled signal x(t).
Since s(t) is periodic, it can be expressed in terms of a

Fourter sertes. ;) _ SFnC’-’M S where o _ oy :?ﬁ

——

The coefficient F is obtained as follows:
I'l.2 1 I'J'.2 1
Fo== [slee™ e == [ o)™ dt ==
-frz Tin I
F, is the same for all n. Therefore.

=1

s(t)= = ' et

T.=
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Sampling of Continuous-time Signals

Fourier Series of Impulse Train

Find the spectrum of the sampled signal x(t).
Since s(t) 18 periodic, it can be expressed in terms of a
Fourier series. () D FoM where g wuy -

2

o
< T
e

The coefficient F_ is obtained as follows:

TJ:2 . 1"12 . 1
Fo=— [site™gr = — |J|t}e“‘"ﬂ’df=;

TT T tn
N

F, is the same for all n. Therefore,

s(r)= 1— S et

n=-m
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Sampled Signal
et | (1 in |
Thus,  5,()=x,( )| Zw ot .7‘,\2“-”;:2(“)] m/l‘.

Taking the Fourier Tl'anstoun of both sides results in:

Iy } Spectrum of x(t)

This means that the spectrum of the sampled signal is
equal to the sum of shifted replicas of the original
spectrum X,(j€2)

Introduction to DSP using MATLAB
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Sampled Signal

There is another form for the Fourier transform of the
sampled signal, x,(t). Remember:

v ()=, (sl)= S v, (nT)5le— )

n=-w

The other form can be found from the weighted sum of
the continuous-time Fourier transforms of 5(t-nT).

X (7Q)= > x, (nT e~

n=-0

Introduction to DSP using MATLAB





[image: image21.png]ampling of Continuous-time Signals U of M Dearborn

Sampling Rate: Case 1: (O, > 20,

Y ( jQ ) Ideal LPF
A s )

¥ -
'genuch: Spectum

The original spectrum is part of X (j€2). Notice that
becanse O, > 202, there is no spectral overlap between
the replicated spectrums.
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?ampling Rate: Case 1 (Cont.)

Smce‘& = 202, and the original signal is band-limited,
then it is possible to obtain the original signal x(t) from
the sampled signal. x(t). by using an ideal LPF with

cutoff frequency, Q. in the range Q. < (2 < Q2 -0,

(s Tdeal .
x () LEF x, (1)

Introduction to DSP using MATLAB
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Sampling Rate - Case 2: (), < 20
IrCd < 262, the orgmal signal, x,(t). cannot be K
recovered, because the replicas of X (jQ2) in X (jQ2) will
overlap, which will distort the component X (j€2) as
shown. X, (&)

Aliasing occurs
(overlapping)

Q

- L-ls 5
If the signal, x,(t), is low-pass filtered, the output will
be a distorted version of x(t).

Introduction to DSP using MATLAB
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Sampling Rate | Case 3: (0 ,=20,

When the sampling frequency iz equal to 203, no
aliasing occurs. However, this is the limiting case. The
spectral replications are very close in frequency to the
original spectrum, X,(j€2).

X (5Q)

No Aliasing

Introduction to DSP using MATLAB
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Sampling Theorem
For proper sampling; \

1- x,(t) must be band-linuted to f, Hz or 2nf,=0,.
2- x,(t) must be sampled at a rate of £>2f.
To recover the original signal, the sampled signal iz

filtered using a LPF with € =02,=0 /2.

For proper sampling, all analog signals must be band-
Limited by an anti aliasing analog LPF with £,=Q/2 (in
practical cases .20 ).

Introduction to DSP using MATLAB
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Reconstructing x,(t) from x(t):
A time-domain explanation

x e x,(r)

"

d

Q=
-
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General Remarks

* The imkrtance of the sampling
theorem to DSP and its applications
* Some practical limitations
#Non-ideal LPFs used
+Only a finite number of samples of
the signal can be stored. Thus,
windowing must be used with
implications

Introduction to DSP using MATLAB
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[image: image39.png]Processing of Analog
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Equiu{lent Analog Systems
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Analog Filters

Suppose that we want to replace the analog
filter shown in figure by a corresponding
digital system.

Analog

- (1) :
Xl Filter

Introduction to DSP using MATLAB
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A/D Conversion
1. Continnous-time signal, x,(t). 15 sampled periodically
with a sampling period. T (£=1/T, sampling frequency).
2.%e analog train of impulses are converted into a
sequence of numbers, x(n) by an analog to digital (A/D)
converter (which has sampler built in it).





[image: image42.png]quivalent Analog Systems Uaf M Dearbarm

Anti-Aliasing Filter
+In order to avoid aliasing, use an anti-aliasing analog
low-pass filter (LPF) with a cutoff frequency f=f,/2.
*The figure below shows the frequency 1‘esp01hg of an
ideal filter.

Ideal Frequency
Response

Introduction to DSP using MATLAB
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C/D Converter

C/D Converter .
Let’s call the above combination of the Anti-Aliasing LPF
and A/D Converter a continuous-to-discrete (C/D) Converter.

Continuous to
discrete Converter

Introduction to DSP using MAT!
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Sampling of Analog Signals
Sample x,(t) every T seconds. The sampling frequency.
f,. is equal to 1/T. Sampling can be achieved by
multiplying x_(t) by a train of impulses, s(t), with
period T. The resulting signal x,(t) will be a continuous
time signal that i zero at non-integer multiples of T.

x, (1) (. (2)

s(0) 0= x,0)s(0)

Introduction to DSP using MATLAB
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Impulse Train

A train of impulses can be represented by the
following equation:

=)
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Sampling Process
()

T 2I 3T &I i
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LA
Review of Fourier Transform

Let X (j€2) be the Fourier transform of x (t) and let
X(e™) be the Fourier transform of the sequence, x(n).

Recall that:

X 0)= [, (et

Xle™ )= > xln ke

n=-«

Introduction to DSP using MATLAB
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Sampled Signal
nm' =rea
Thus, | x,(f)=x,( )| zl’J ._‘.\T,Z;\am,i !‘

n_—m

Taking the Fourier T1*'|11<tonn of both sides results in:

X, () FT|| = 2\ rkJ”Qf Il spectrum of x,(t)

= % > x(j(@-rQ,))
This means that the spectrum of the sampled signal is
equal to the sum of shifted replicas of the original

spectium X (jQ)

Introduction to DSP using MATLAB
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The Sampled Signal

There ig another form for the Fourier transform of the
sampled signal, x (t). Remember:

v (t)=x,(thslt)= > x, (nT)5{t = nT)

n=-aw

The other form can be found from the weighted sum of
the continuous-time Fourier transforms of 6(t-nT).

X (jQ)= > x,(nT e

2=—00

Introduction to DSP using MATLAB
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Relation Between X (j©2) and X(ei*)

X,(7Q)= D xy (0T e = 3 xln e 7
AN

Recall that x(n) = x,(nT)

w0

JX'(GJQ): > xlnle™™” =X (jo

n=—wm
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Sampled Slgnal
12 nm' e,
Thus,  x,(t)=x,( )| T 2 o —‘ z\ () 4 ‘

n=-m

Taking the Fourier Trangforin of both sides results in:

X, () FT|| - z 3 kf”Qf |l Hpectrum of x,(t)

RS ¥ (7Q-rQ)))

—
This means that the spectrum of the sampled signal is
equal to the sum of shifted replicas of the original
spectrum X (€2).

Introduction to DSP using MATLAB
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Relation Between X (jQ2) and X(ei%)

X(ef“’): Z\(n}c‘f“ =N(jo/T)

H=—u

(71Q2) Z X (j(@Q-n2)))
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Relation Between X (j2))and(X(el*)
Assuming that x (t) is band-limited anﬂ%)mpeﬂy sampled
(the bandwidth of x,(t) is f;=f,/2). then we can prove:

@—27r) |

x®)=L S (A
T2

re—

Example:

Introduction to DSP using MATLAB
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Relation Between X, (j2) and X(el*)
Assuming that x,(t) 1s band-limited and properly sampled
(the bandwidth of x(t) is f,=f/2), then we can prove:

w15 | i

ot

—277)) 12 I
- STAL Q)
r ‘ = I

Example:

Intradurtinn tn NSP uginn MATLAR
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Relation Between X_(j2) and X(el*)
Assuming that{x (t)}is band-limited and properly sampled
(the bandwidth 3T (t) is f,=f/2), then we can prove:

—.-..rl‘ 12 o

ST X ((Q-r,)
7 1

H

e vx|f"’

r=—w

Example:
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Replacing Analog Filters
By Digital Filters

How can we replace the analog filter shown
in figure by a corresponding digital
system?

Analog

v, 1t) Filter

Introduction to DSP using MATLAB
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General Block Diagram

Congsider the complete system below:

Agsume that:
+%,(t) 15 band-limited to € rad./s, where 2n/T=02 =20, (proper
sampling).
*The frequency response of digital filter iz H(el?).
«C/D and D/C converters are ideal (no quantization or phase

errors).

Introduction to DSP using MATL:
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The Digital Filter

After the first stage of the C/D conve%r. the sequence,
x(n), 18 filtered by a digital filter whose frequency
response ig H(e®).

H(e)

Digital
Filter

Introduction to DSP using MATLAB
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. Digital Filter Equation

The output of the digital filter, v(n). is calculated by
using the correzponding digital filter difference
equation:

vin)
+byx(n—M)

Note that a,=1 in this case.

Introduction to DSP using MATLAB
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Converting y(n) into Impulses

The next step is to convert the sequence. v(n), to a
continuous time signal, y,(t). by converting the sequence
to a train of impulses.

Sequence to
Impulse tramn

Introduction to DSP using MATLAB
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Dle Conversion

N=o
Note That:  v,,(r)= > v(nlslr—nT)
n=—c3

The spectrum of v, (t) is periodic. The conversion of

v(n) to v, (t) 1 done by a digital-to-analog converter
(D/A Converter).

W) D/A
: Conveltter

Introduction to DSP using MA’
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| Reconstruction Process

The figures below show how the continuous-tiune signal,
v, (1), is formed from a train of impulses, v_(t).

Train of
modulated Continuous-
impulses . fime signal

Introduction to DSP using MA’
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T Reconstruction Filter

The final step in this process s to convert y,,(t) mto a
smooth and continuous-time signal, y,(t). This is achieved
by an ideal LPF with a cutoff frequency(T,=f/2.

Ideal R
LPF 1)
*The ideal LPF 1z known as
Similarta the e reconstruction filter.
anti-aliasing LPF ) .
* The gain of T corrects the
gcaling of 1/T from sampling.

Introduction to DSP using MATLAB
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D/C Converter

The D/A Converter and the Reconstruction LPF can be
combi¥ed together to make a D/C (discrete-to-continuous)
converter.

¥(n) y (1)

Hal

Discrete to
Continuous
Converter

Introduction to DSP using MATLAB
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Equivalent Continuous-time Filter

Consider the complete svstem below:

Agsume that:
+x,(t) 18 band-limited to O rad./s, where 2n/T=02 2203 (proper
gampling).
*The frequency response of digital filter is H(ei®).
+C/D and D/C converters are ideal (no quantization or phase

eIrors).

Introduction to DSP usin
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Equivalent Continuous-time Filters

The equivalent (or effective) analog (continuous-time)
filter, H,, (jQ2). is given by:

Hie/ * H{e™ ) Jor |Q‘ < ; =7,

H{jQ

Eq'uivm‘em ' 0 fOi'

f=1/T, the sampling frequency in Hz.

Introduction to DSP using MATLAB
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L
Equivalent System Proof
The previous relation can be proved.
Y{e‘m _}= H(_(’.jm ]'.Y{ejm l
But:

Hig™™ |

H(jQ)-

Bguiient 0

Therefore:
¥, Q)=

vl 0
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Reconstruction Filter

The final step in this process is to convert y,,(f) into a
smooth and continuous-time signal, v,(t). This iz achieved
by an ideal LPF with a cutoff frequency f,=f/2.

Ideal

LPF
—

v,(t)

*The ideal LPF is known as
the reconstruction filter.

* The gam of T corrects the
scaling of /T from sampling.

Introduction to DSP using MATLAB
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Example 1

This complete system uses a digital filter to create an
equivalent analog fil{gr. For this example, assume the
C/D and D/C are ideal%and a sampling frequency of
f=10kHz.

Introduction to DSP using MATLAB
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Example 1

The figure below shows the frequency response of the
digital LPF with a cutoff frequency of 0.5m. Show the
effective analog frequency response.

Introduction to DSP using MATL:
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Example 1
Recall: { ® =Q7T}where T=i=>Q=n,fS

5

Q. =@, f, = 0.57(10.000) = 50007

effective analog
frequency response.

Introduction to DSP using MATL AB
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Normalized Frequency Scale

The previous example shows how the sampling frequency,
f,. is normalized to 2.

@, rad.

S -

Py

o TUseful Range
of System

Introduction to DSP using MATLAB





[image: image76.png]Equivalent Analog Systems U of M Dearborn

Example 2

This example is a graphical illustration of the equivalent
analog system. Consider the Fourier transform of a
band-limited signal in the figure below.

Introduction to DSP using MATL:
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Example 2

Signal, x,(t). 1s sampled. The Foutier transform of the
. . 2m
sampled signal is shown below. Note thal ¢ - =~

T

Introduction to DSP using MATLAB
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Example 2

Fourier transform, X(e*), of sequence of samples and
frequency response, H(ei), of discrete-time system is
plotted vs. m.

Introduction to DSP using MAT]
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Example 2

Fourier Transform of output of discrete-time system.

Introduction to DSP using MATLAB
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Example 2
Fourier transform of output of discrete-time system and
frequency response of ideal reconstruction filter plotted
vs. Q. Use a gain of T for proper scaling.
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Example 2

Fourier transform of the output.

Introduction to DSP using MATLAB





